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An alternative theoretical formula for hemoglobin oxygenation
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Abstract Classical models of homotropic allostery are

based on the postulate that the binding sites are equivalent

in their ability to interconvert between high and low

affinity states, but compelling evidence exists that the

subunits of human hemoglobin are not simultaneously

available for oxygen equilibration, thus reducing the

number of possible intermediate microstates. The incor-

poration of these results into the Adair scheme reveals an

alternative mechanism for hemoglobin oxygenation, not

based on affinity changes.
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Introduction

The sigmoidal shape of hemoglobin (Hb) oxygenation

inspired the intuitive idea that the binding of the first oxygen

molecules increases the affinity for oxygen in the following

binding steps (Bohr et al. 1904). Models of homotropic

allostery based on this assumption yielded equations fitting

experimental curves, when adjusting the values of theoret-

ical constants. These models postulate that the initial

fixation of the ligand leads to an increase in the affinity for

the ligand of the remaining binding sites, in a concerted

(Monod et al. 1965) or sequential (Koshland et al. 1966)

manner. Vertebrate hemoglobin is made of two types of

subunits with distinct kinetic and affinity properties. A

series of convincing observations showed that the a and b
subunits of human Hb are differentially liganded at inter-

mediate ligand concentration (Brzozowski et al. 1984;

Lindstrom and Ho 1972; Simonneaux et al. 1988). Before

discussing the biophysical significance of these results, their

theoretical influence on saturation curves are examined.

This analysis suggests that the organization of hemoglobin

could also have been evolutionary optimized to generate

cooperative effects without need for affinity changes.

Theory

The saturation ratio Y of a macromolecule containing

several binding sites for a ligand L, is given by the Adair

general equation (Adair 1925), whose microscopic formu-

lation for a symmetric molecule can be written as in Eq. 1,

where n is the number of binding sites and Kj is the

intrinsinc binding constant of the jth binding step.

Y ¼
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When the binding sites are identical and non-interacting,

Eq. 1 dramatically reduces to the simple hyperbola:

K[L]/(1þ K[L]). This reduction can be avoided through

several ways: (1) by a stepwise increase of the affinity for

the ligand, according to Bohr’s assumption, and also (2) by

reduction of the number of possible intermediate states.

This last possibility can be achieved, for example, when

certain subunits of the multimer are prevented from ligand

binding until others are liganded. Let us postulate that one

group of components, called second (S) equilibrates with
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the ligand only when a group of components called first (F)

is liganded. Let be Ks and Kf the intrinsic association

constants of the S and F components, respectively, and let

be a multimer containing 2n subunits, including n

equivalent F components and n equivalent S components.

To determine the shape of the equilibrium curve expected in

this case, one can theorize the binding reaction with a

modified Adair scheme as shown in Eq. 2. The 2n

successive binding steps in the present system are

expressed with only two microscopic constants: Kf for the

binding steps 1 to n, and Ks for the binding steps (n + 1) to

2n, associated with combinatorial factors reflecting the

functional equivalence of the n binding sites from each

group. This hierarchical equilibration of two groups of n

binding sites leads to combinatorial terms different from

those obtained for the global equilibration of 2n binding

sites with the ligand (Eq. 1 where n is replaced by 2n).

Let be a ¼ Ks

Kf
and x ¼ Kf [L]

Eq. 2 becomes
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Using the binomial identity and its derivative, Eq. 3 can

be transformed into:

Y(x) ¼
x 1þ xð Þn�1þxn 1þ 2axð Þ 1þ axð Þn�1�1

� �

2 1þ xð Þnþxn 1þ axð Þn�1ð Þð Þ ð4Þ

The system can be extended to multimers containing

more than two groups of subunits. Eq. 5 corresponds to p

groups successively available for binding, each of them

including n subunits with the same intrinsic affinity

constant Ki. The ratio Ki/Kf is written ai.

Y(x)¼
Pp

i¼1

Qi�1
j¼1 aj

� �
xi�1

� �n

i� 1þ iaixð Þ 1þ aixð Þn�1�iþ 1
� �

p 1þ
Pp

i¼1

Qi�1
j¼1 aj

� �
xi�1

� �n

1þ aixð Þn�1ð Þ
� �

ð5Þ

If every group contains only one member (n = 1) with

the same affinity for the ligand (ai = 1), Eq. 5 expectedly

reduces to Eq. 6 which corresponds to the ordered binding

scheme, a limit case with minimal number of microca-

nonical components and with a predicted Hill coefficient

equal to (p + 2)/3 (Michel 2007).

Y(x) ¼
Pp

i¼1 ixi

p
Pp

i¼0 xi
ð6Þ

The Hill representation ln(Y /(1� Y)) ¼ f (ln[L]),

converting a hyperbola into a straight line with unity

slope, is currently used for improved visualization. The

maximal slope of this curve, known as the Hill coefficient,

is considered as an index of the degree of apparent

cooperativity. The theoretical Hill curve equation in

normal coordinates can be obtained from Eq. 4 when

setting X ¼ ln(Kf [L]) and H ¼ ln(Y/(1� Y)):

H(X) ¼ ln
ex 1þ exð Þn�1þenx 1þ 2aexð Þ 1þ aexð Þn�1�1

� �

2þ exð Þ 1þ exð Þn�1þenx 1þ aexð Þn�1�1
� � :

ð7Þ

Figure 1 shows curves obtained using Eqs. 4, 7 when

n = 2 (corresponding to a tetramer made of 2 types of

protomers, like human Hb). Saturation and Hill curves are

sigmoidal for relatively low values of a and for a = 1

(protomers of equal affinity for the ligand) but increasing

the value of a strongly increases the maximal slope of the

sigmoid curve. The predicted Hill curves display the

typical shape of experimental Hill plots, with asymptotes of

unity slope on both sides. Increasing either a or n increases

the maximal slope of the central part of the curve (Fig. 1b).

The complete absence of cooperative effect, reflected by a

linear Hill curve with a constant unity slope is obtained,

when a = 0.25 and n = 1.

Comparison with experimental data

To compare these theoretical curves to experimental data,

the saturation curve of human Hb by the ligand phosphine

PMe3 (Simonneaux et al. 1988) is selected since it has

precisely been obtained in experimental conditions that

Y ¼
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allowed to conclude a preferential filling of the a subunit at

low ligand concentration (Simonneaux et al. 1988). As

shown in Fig. 2, The theoretical curve obtained from Eq. 4

remarkably fits the experimental points obtained by these

authors, when using the following combination: n = 2,

a = 3 and Kf = 0.12mM-1. According to this scheme,

binding curves can be predicted without arbitrary assign-

ment of constant values but using virtually measurable

parameters: n and a. It would be interesting to compare the

value a = 3 with the real intrinsic constants of the a and b
subunits of Hb, but unfortunately data from the literature

are too conflicting to draw reliable conclusions about these

equilibrium constants. Indeed, if determining n is simple,

the accurate assessment of individual binding constants is a

notoriously difficult task. Equilibrium data from different

laboratories, but also from different data sets, are often

discordant. The procedure of dissociation of protomers can

alter their properties and conversely, results obtained with

holo-multimers are affected by quaternary interactions and

heretotropic factors. In addition, the values of equilibrium

constants are sometimes deduced by assuming particular

theoretical mechanisms, thus biasing the results, or calcu-

lated from the reaction rates, which might be misleading, if

association and dissociation rates are in fact generated by

different Hb conformations. The experimental Hill plots,

which have long proved useful for evaluating the degree of

cooperativity, can also be helpful for determining the

affinity constants and the ratio a. If supposing that a satu-

ration process is only governed by the present mechanism,

the equations of the 2 asymptotes of the Hill plot are, at low

ligand concentration: A1(X) ¼ X � ln 2 and at high ligand

concentration: A2(X) ¼ X þ ln aþ ln 2. The Hill curve

crosses the abscissa at X ¼ �(ln 2)/2, and the normal

distance D between the two asymptotes A1 and A2 is D ¼ffiffi
2
p

2
(ln aþ ln 4); in accordance with the general formula

(Michel 2007), in this particular system.

Plausibility of this mechanism for Human Hb

The key point of current models developed to explain the

behaviour of Hb, is the capacity of the individual binding
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Fig. 1 Visualization of the curve shapes obtained from Eq. 4 with

varying values of n and a. a n = 2 and varying a (red a = 0.01, green
a = 0.1, blue a = 1, purple a = 10). b a = 3 and varying n (red
n = 1, green n = 2, blue n = 3). The corresponding Hill plots are

shown in the small inserted panels
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Fig. 2 Saturation of Hb with the phosphine PMe3. Results (black
points) obtained from (Simonneaux et al.1988). Solid line drawn to

Eq. 4 using the values n = 2, a = 3 and Kf = 0.12/mM
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constants to change depending on the saturation ratio. This

postulate is no longer required in the present system, where

every binding constant (Kf or Ks), remains indeed constant

for a given binding site. This formula does not correspond

to a model but to a simple equilibrium analysis assuming as

an axioma, the sequential equilibration of the different

types of protomers. Hence, the main question is to deter-

mine the validity of this axioma. Max Perutz discussed the

possibility that only the a chains are filled at low oxygen

concentration in the human Hb, the b chains being acces-

sible to ligand only after both a chains are liganded (Perutz

1970). A valine residue (Val E11) next to the distal histi-

dine could be involved in the stereochemical blockage of

the b-heme pockets in the deoxy conformation (Bolton and

Perutz 1970; Fermi et al. 1974) and, as explained by Pe-

rutz, the a subunits showed no such obstruction.

Accordingly, crystallization of partially liganded tetramers

revealed intermediate states, in which the a chains are

oxygenated and the b subunits are oxygen-free (Brz-

ozowski et al. 1984). Chemical shift NMR analyses, which

are valuable tools to identify intermediate states in stable

equilibrium conditions, also demonstrated the same dis-

symmetrical filling of Hb subunits by oxygen (Lindstrom

and Ho 1972) and by the bulky ligand phosphine

(Simonneaux et al. 1988). This situation is likely to not

have a thermodynamic origin since, even if their values

fluctuate between the reports, no drastic differences

between the equilibrium constants of the a and b chains

have generally been reported. Interestingly, studies on

subunits isolated from human Hb A, showed that isolated

b subunits have clearly higher affinity for oxygen than

isolated a subunits (Riggs and Gibson 1973). Hence, the

two types of binding sites seem to not compete in the same

equilibrium in the lower range of ligand concentration.

Together, these observations suggest, as anticipated by

Perutz 1970, a molecular organisation in which the b sites

become receptive to oxygen only after clicking the tetramer

to an oxy conformation following the saturation of the

a chains. This system could have been evolutionary

selected for its ability to make possible, an otherwise

thermodynamically unacceptable situation in which the

filling of the low affinity sites is obtained at lower ligand

concentration than that of the high affinity ones.

Discussion

It is admitted that the sigmoidal shape of oxygenation

curves results from tridimensional rearrangements in Hb

called allostery, from the Greek roots allos: other and

stereos: solid, shape. Many changes of the Hb quaternary

structure have indeed been associated with vertebrate Hb

oxygenation such as, among others, the well-established

movement of the iron atom in the porphyrin plane, con-

sidered as a triggering event, or the hindrance of the

ligand site of the b subunits in deoxy-Hb. The different

models and interpretations then discern in this set of

molecular changes, the causal events more directly

involved in the genesis of sigmoid equilibrium curves.

The hypothesis presented here proposes that beside

mechanisms related to affinity changes, certain structural

interactions occurring in human Hb could be involved in

dictating the binding sequence through the rearrangement

of subunits. The equations resulting from this sequential

equilibration hypothesis have interesting features when

compared to those generated by the classical models, such

as symmetrical Hill curves and no need for large differ-

ences between binding constants. In the example

presented here, a three times higher affinity of the second

component is sufficient to fit the experimental data

(Fig. 2), which is relatively low, as compared to the 70-

fold increase of the affinity for oxygen during the T to R

conversion postulated by Jacques Monod for an optimal

adjustment of the MWC mathematical equation to an

experimental equilibrium curve (L = 9,054 and c =

0.014, Monod et al. 1965). The differential behaviour of

the a and b subunits, so far intriguing and neglected in

the literature and for which the classical models of allo-

stery are quite ensuited, provides, in fact, a solution to

generate sigmoid saturation curves without changing the

binding constants of individual subunits and a possible

explanation for the presence of different types of subunits

in vertebrate Hb. This organization could be optimized to

generate pronounced sigmoid equilibrium curves using

minimal requirements: (1) different types of subunits

successively available for binding and (2) only two sub-

units of each type since a limited value of n is sufficient

in this system, contrary to the basic ordered scheme,

which is more appropriate to giant respiratory proteins,

where identical subunits are polymerised (Michel 2007).

The present study is, however, a simplification of the real

situation since it does not take into account many other

parameters such as heterotropic factors or the capacity of

the Hb tetramer to dissociate into dimers, but it could

describe an additional facet of the cooperative

oxygenation of vertebrate Hb.
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J Mol Biol 175:159–174

Koshland DEJ, Nemethy G, Filmer D (1966) Comparison of

experimental binding data and theoretical models in proteins

containing subunits. Biochemistry 5:365–385

Lindstrom TR, Ho C (1972) Functional nonequivalence of a and b
hemes in human adult hemoglobin. Proc Natl Acad Sci USA

69:1707–1710

Michel D (2007) Cooperative equilibrium curves generated by

ordered ligand binding to multi-site molecules. Biophys Chem

129:284–288

Monod J, Wyman J, Changeux J-P (1965) On the nature of allosteric

transitions: a plausible model. J Mol Biol 12:88–118

Perutz MF (1970) Stereochemistry of cooperative effects in haemo-

globin. Nature 228:726–739

Riggs AF, Gibson QH (1973) Oxygen equilibrium and kinetics of

isolated subunits from hemoglobin Kansas. Proc Natl Acad Sci

USA 70:1718–1720

Simonneaux G, Bondon A, Brunel C, Sodano P (1988) Direct

observation of intermediate ligation states of hemoglobin. J Am

Chem Soc 110:7637–7640

Eur Biophys J (2008) 37:823–827 827

123


	An alternative theoretical formula for hemoglobin oxygenation
	Abstract
	Introduction
	Theory
	Comparison with experimental data
	Plausibility of this mechanism for Human Hb
	Discussion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


